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In this paper we consider the metric of a 2+1-dimensional rotating acoustic black hole in the
neo-Newtonian theory to compute the Hawking temperature and applying the quantum statistical
method, we calculate the statistical entropy using a corrected state density due to the generalized
uncertainty principle (GUP). In our calculations we have shown that the obtained entropy is finite
and correction terms are generated. Moreover, the computation of the entropy for this method does
not present logarithmic corrections.
I. INTRODUCTION
The study to understand the entropy of black holes is one of the most important issues in theoretical physics. It has
been proposed by Bekenstein and Hawking that the black hole entropy is proportional to its horizon area [1–4]. Since
then, various methods have been proposed in the literature to explore the statistical origin of black holes entropy.
These methods are grounded on the understanding that the black hole entropy can be viewed as the entanglement
entropy related to the degree of entanglement between the modes in both sides of the horizon. In other words, the
Bekenstein-Hawking entropy can be obtained via the statistical mechanics of a system around the horizon [5, 6]. One
of such methods is the so-called brick-wall method introduced by G. ’t Hooft [7]. To calculate the entropy by this
method it is necessary to introduce an ultraviolet cut-off in order to eliminate the divergences in the density of states
near the horizon of the black hole. In Ref. [8–10], by applying the brick-wall method, one has been computed the rate
of entropy production in the emitted Hawking radiation of an acoustic black hole in (1 + 1) - dimensions.
On the other hand, as shown by the authors in [11–15], the brick-wall model does not present divergences when the
GUP is considered. In addition, the authors in [16–22] considering a density of states modified by the GUP computed
the statistical entropy of many black holes. Moreover, considering the effects of the GUP in the tunneling formalism,
the quantum-corrected Hawking temperature and entropy of black holes has been investigated [23–30], showing that
in the vicinity of the event horizon the statistical entropy of black holes does not present divergences. In [31] has
been introduced an expression for the state density modified by the GUP. In [32, 33], considering the state density
modified by the GUP, the statistical entropy was calculated for an acoustic black hole rotating in (2+1) dimensions
and the divergences appearing in the brick wall model are eliminated. Thus, no cut-off is required in the state density
[34].
Since 1981 with Unruh’s seminal work [35, 36] on models mimicking gravity [37–56], the increase in interest in the
study of Hawking radiation has been a very important field of investigation for the understanding of quantum gravity.
In contrast to Hawking radiation, which is a kinematical effect, analog formulae to the Bekenstein-Hawking entropy
were unknown for acoustic black holes until recently. However, in Ref. [8] was shown that such analogs indeed arise
in a Bose-Einstein condensate (BEC) system as one considers entanglement entropy related to phonons created via
the Hawking mechanism - see also [32, 33, 56]. Interesting enough, this entropy depends on the horizon area of the
acoustic black holes and indeed has no relationship with the thermodynamic entropy of the fluid that is zero for a
BEC system. Such Bekenstein-Hawking entropy analogue can be computed by using statistical methods. The acoustic
black holes entropy is given by the event horizon area with a coefficient that in general depends of the infrared cut-off.
Analogously, as we shall see shortly, in the present study the acoustic black hole entropy depends on the parameter
that controls the GUP. As such, this entropy is proportional to the area of the event horizon, but the coefficients are
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2different from 1/4. This is an intrinsic issue that arises in the interpretation of the Bekenstein-Hawking entropy as
entanglement entropy even for gravitational black holes [57].
In addition, the authors in [58–65] determined the metric of an acoustic black hole that were obtained from
relativistic models. In general, a classical treatment as well as a Newtonian is employed in the investigation of analog
models of gravitation. However, in general relativity a black hole is a relativistic gravitational phenomenon. Thus, a
correct treatment of relativistic system is obtained if the inertial and gravitational effects of pressure are considered.
Nevertheless, the influence of relativistic pressure can be properly incorporated into the dynamics of the Newtonian
approach. This change in the structure of the standard Newtonian approach due to the effects of pressure is termed
neo-Newtonian theory.
Once the pressure is generally a parameter that can be easily adjustable and it can represent the external field
source, thus investigating the analogous Aharonov-Bohm (AB) effect due to a scattering of planar waves by an
idealized draining bathtub vortex [66–71] is an interesting way of testing analog models via neo-Newtonian theory.
As shown in [72], by analyzing the effect of AB it has been found that the phase change displays a dependence on
the pressure and this has analogy with a magnetic flux. Furthermore in a recent study [73] it was observed Hawking
radiation by accelerating a fluid due to the pressure of a laser beam. Thus, variation of both Hawking radiation and
its entanglement — which can be measured by entanglement entropy — seems to be a very important issue in order
to control the effect experimentally. In [74] the equations of the neo-Newtonian physics were obtained by McCrea
and later in [75] these equations were improved. In addition, the authors in [76] applying a perturbative approach in
the neo-Newotinana equations deduced the fluid equations in their final form (see also [77–81]). The authors in [82]
constructed within the formalism of the neo-Newtonian hydrodynamics the metric of an acoustic black hole and in
[83] was studied the superresonance phenomenon in the framework of neo-Newtonian hydrodynamics.
In this letter, we use the quantum statistical method via corrected state density of the GUP and we calculate the
entropy of the rotating acoustic black hole in the neo-Newtonian theory. In our calculations, we have obtained the
Bekenstein-Hawking area entropy of acoustic black hole and its correction terms. Again, by considering the GUP
on the equation of state density we found that the divergence in the brick-wall model disappears and no cut-off is
required. Furthermore, using this method, terms of logarithmic corrections [84] are not generated.
II. ACOUSTIC BLACK HOLES IN NEO-NEWTONIAN HYDRODYNAMICS
In this section we will briefly introduce the metric of an acoustic black hole in the neo-Newtonian hydrodynamics
obtained in [82]. To find the acoustic metric in neo-Newtonian theory we initially redefine the energy density as
follows:
ρi → ρ+ p. (1)
Thus, in the neo-Newtonian scenario the basic equations are [78–80]:
∂tρi +∇ · (ρi~v) + p∇ · ~v = 0, (2)
~˙v + (~v · ∇)~v = −∇Ψ− ∇p
ρ+ p
, (3)
∇2Ψ = 4πG (ρ+ 3p) , (4)
where ρi is the fluid density, p is the pressure and ~v the flow/fluid velocity. The expression (2) is the continuity equation
and (3) is the Euler equation modified due to gravitational interaction. In [74] this result has been generalized in the
presence of pressure. Moreover, in [75] this approach has been modified and leads to neo-Newtonian cosmology. Note
that when p≪ ρ the Newtonian equations are obtained.
At this point, we consider that the fluid is barotropic, i.e. p = p(ρ), inviscid and irrotational, being the equation
of state p = kρn, with k and n constants. We write the fluid velocity as ~v = −∇ψ where ψ is the velocity potential.
Then, by neglecting the gravitational effect of Eq. (4) and applying the usual procedure to obtain the acoustic metric,
we linearise the equations (2) and (3) by introducing perturbations into variables ρ, ~v and ψ as follows:
ρ = ρ0 + ερ1 +O(ε2) , (5)
ρn =
[
ρ0 + ερ1 +O(ε2)
]n ≈ ρn0 + nερn−10 ρ1 + ... , (6)
~v = ~v0 + ε~v1 +O(ε2), (7)
ψ = ψ0 + εψ +O(ε2) . (8)
3Then after some algebraic calculations we obtain the wave equation given by
− ∂t
{
c−2s ρ0
[
∂tψ +
(1
2
+
γ
2
)
~v0.∇ψ
]}
+∇ ·
{
− c−2s ρ0 ~v0
[(1
2
+
γ
2
)
∂tψ + γ ~v0.∇ψ
]
+ ρ0∇ψ
}
= 0, (9)
being γ = 1 + knρn−10 . The above equation can still be given as
∂µ(f
µν∂νψ) = 0. (10)
We can also write Eq. (10) as a Klein-Gordon equation in the curved space in (2 + 1) dimensions for a massless scalar
field given by
1√−g∂µ(
√−ggµν∂νψ) = 0. (11)
Thus, by determining the inverse of gµν , we can write the effective line element in polar coordinates (~v = vr rˆ + vφφˆ
and d~r = drrˆ + rdφφˆ) as
ds2 =
√
ρ0
C
[
− [c2s − γ(v2r + v2φ)] dt2 − (1 + γ)(vrdr + vφrdφ)dt + (dr2 + r2dφ2) + (γ − 1)24c2s (vφdr − vrrdφ)2
]
, (12)
where C = c2s + (v2r + v2φ) (γ−1)
2
4 . Now we will introduce the coordinate transformations given by
dτ = dt+
(1 + γ)vrdr
2(c2s − γv2r)
, dϕ = dφ +
γ(1 + γ)vrvφdr
r(c2s − γv2r)
. (13)
Hence, we can write the effective line element as
ds2 =
√
ρ0
C
{
−
[
c2s − γ(v2r + v2φ)
]
dτ2 +
c2s
[
1 + (v2r + v
2
φ)
(
γ−1
2cs
)2]
(c2s − γ v2r )
dr2 − vφ(1 + γ) rdτdϕ
+ r2
[
1 + v2r
(
γ − 1
2cs
)2 ]
dϕ2
}
. (14)
Notice that as γ− 1≪ 1, then γ ∼ 1, in the near horizon limit vr ∼ cs then the diagonal components do not changel,
i.e., gφφ = gϕϕ and grr becomes identical in both equations (12) and (14). Since this is the limit we shall adopt
throughout the paper the physical results are the same by using (12) and (14), though the last equation is easier to
deal with. Now for a static and position independent density, the flow/fluid velocity (which is a solution obtained
from the continuity equation (2)) is given by
~v =
A
r
rˆ +
B
r
φˆ, (15)
and the velocity potential is
ψ(r, φ) = −A ln r −Bφ. (16)
Thus, by adopting cs = 1, substituting (15) into the metric (14) and neglecting irrelevant factors independent of
position, we obtain the following element of effective line in neo-Newtonian theory [72]
ds2 = β1
[
−
(
1− r˜
2
e
r2
)
dτ2 + (1 + β2)
(
1− r˜
2
h
r2
)−1
dr2 − 2Bβ3dτdϕ +
(
1 +
β4
r2
)
r2dϕ2
]
. (17)
where
β1 = (1 + β2)
−1/2
, β2 =
r2e
r2
(
γ − 1
2
)2
, (18)
β3 =
(1 + γ)
2
, β4 =
(
A(γ − 1)
2
)2
, (19)
4being r˜e the radius of the ergosphere which satisfies gττ (r˜e) = 0 and in general is larger than r˜h, the event horizon,
i.e.,
r˜e =
√
γ(A2 +B2) =
√
γre, r˜h =
√
γ|A| = √γrh. (20)
Therefore, we can write the acoustic black hole metric (17) in the form
gµν = β1


−f1 0 −Bβ3
0 (1 + β2)f
−1
2 0
−Bβ3 0
(
1 + β4r2
)
r2

 , (21)
where
f1 = 1− r˜
2
e
r2
, f2 = 1− r˜
2
h
r2
. (22)
Now we obtain the Hawking temperature of the acoustic black hole as
T˜h =
κ
2π
=
1
4π
d(β1f2)
dr
∣∣∣
r=r˜h
(23)
=
1
2πrh
[
γ
(
1 +
(
γ − 1
2
)2(
1 +
B2
r2h
))]−1/2
. (24)
Since the equation of state of the present fluid is p = kρn then γ = 1 + knρn−10 = 1 + np0/ρ0. Thus, for np0/ρ0 ≪ 1
the Hawking temperature can be written as follows
T˜h =
[
1− np0
2ρ0
+
1
4
(np0
ρ0
)2]
Th − π
2B2
2
(np0
ρ0
)2
T 3h + · · · , (25)
where Th =
1
2πrh
, while the Unruh temperature for an observer at a distance r is
T =
a
4π
=
f ′(r˜h)
4π
F−1/2(r). (26)
They satisfy the following relation
T˜h =
√
F (r)T =
f ′(r˜h)
4π
. (27)
where f(r) = β1f2 and
F (r) = −g˜tt = −
gττ gϕϕ − g2τϕ
gϕϕ
= β1
(
f1 +
B2 β23
r2 + β4
)
= β1
[
f2 − B
2
r2
(
γ − β
2
3
1 + β4/r2
)]
. (28)
Since we are considering γ − 1 = np0/ρ0 ≪ 1, we obtain
F (r) = −g˜tt = β1
(
1− r˜
2
h
r2
)
+O
(n2p20
ρ20
)
. (29)
Thus, for r = r˜h we have F (r˜h) = −g˜tt(r˜h) = 0.
Now we can write the line element (17) in the diagonal form as follows
ds2 = − (−g˜tt) dτ2 + (1 + β2)β21 (−g˜tt)−1 dr2 + β1
(
1 +
β4
r2
)
r2dϕ2. (30)
5III. THE STATISTICAL ENTROPY
In this section we consider the quantum statistical mechanics via density of states corrected by the GUP to calculate
the entropy of a rotating acoustic black hole in neo-Newtonian theory. So, we will consider the following partition
function for a system of bosons:
lnZ0 = −
∑
i
gi ln
(
1− e−βεi
)
, (31)
and the area element with constant time t coordinate is ds = 2π
√
gϕϕgrrdr. The density state modified by the GUP
is given by
g(ω) =
p2e−λp
2
2π
, (32)
where p2 = pipi and λ is related to the squared minimum Compton wavelength which is given in Planck length units.
This GUP provides corrections to all orders in the Planck length — see [31] for further details. Thus, considering the
metric (30), the partition function of the system is given by
lnZ = −
∫
2π
√
gϕϕgrrdr
∑
i
gi ln
(
1− e−βεi
)
(33)
= −
∫ √
gϕϕgrrdr
∫ ∞
0
dg ln
(
1− e−βω0
)
(34)
= −
∫ √
gϕϕgrrdr
∫ ∞
0
dp
(
pe−λp
2
)
ln
(
1− e−βω0
)
(35)
≈
∫ √
gϕϕgrrdr
∫ ∞
m
√−g˜tt
β0e
−λp2p2dω
2
(
eβω0 − 1
) , (36)
where in the last step we have made integration by parts. Here β−10 = T˜h is the Hawking temperature, β = β0
√−g˜tt =
T−1 is the inverse of the temperature obtained by an observer at a point r, ω0 the energy of the particle, ω = ω0
√−g˜tt
the energy of the particle obtained by an observer at a point r and −g˜tt given by equation (29). One should recall
that ω0 =
√
p2 +m2 and β0 is constant. Next, we can now determine the free energy of the system as follows
F = − 1
β0
lnZ =
∫ √
gϕϕgrrdr
∫ ∞
m
√−g˜tt
e−λp
2
p2dω
2
(
eβω0 − 1
) . (37)
Now we can find the entropy of the system in the following way
S = β20
∂F
∂β0
= β20
∫ √
gϕϕgrrdr
∫ ∞
m
√−g˜tt
ωeβω0e−λp
2
p2dω
2
(
eβω0 − 1
)2 (38)
=
1
2
∫ √
gϕϕgrrdr
∫ ∞
mβ
xex
(ex − 1)2 e
−λ
(
x2
β2
−m2
)(x2
β2
−m2
)
dx, (39)
where in the equation above we have defined the relationship x = βω0 = β0ω. Also, we made use of the relation
among energy, momentum and mass ω
2
−g˜tt =
x2
β2 = p
2 + m2, being m the static mass of particles. Thus, near the
horizon, g˜tt(r˜h)→ 0, so that the term x2β2 −m2 approaches x
2
β2 , we integrate (39) with respect to r
S =
1
2
∫ √
gϕϕgrrdr
∫ ∞
0
x3ex
β2(ex − 1)2 e
−λx2
β2 dx =
1
2β20
∫ ∞
0
dx
4 sinh2(x/2)
I(x, ǫ), (40)
where
I(x, ǫ) =
∫ √
gϕϕgrr
−g˜tt x
3e
−λx2
β2 dr (41)
=
∫ √
(1 + β2)(1 + β4/r2)
f2
[
f2 − B
2
r2
(
γ − β
2
3
1 + β4/r2
)]−1
x3e
−λ x2
F (r)β2
0 rdr. (42)
6Since we only consider the quantum field near the black hole horizon, we take [r˜h, r˜h + ǫ] as the integral interval
with respect to r, where ǫ is a positive small constant. Initially, let us consider the particular case of non-rotating
acoustic black hole. This is done by taking B = 0 in metric (17). So, from equation (41) when r → r˜h,
f(r) = β1f2(r) ≈ 2κ(r − r˜h), we find
I(x, ǫ) =
√
α2
α1
∫ r˜h+ǫ
r˜h
(r − r˜h) + r˜h
[2κ(r − r˜h)]3/2
x3e−λx
2/[2κ(r−r˜h)β20 ]dr, (43)
where α1 =
√
1 + (γ − 1)2/4, α2 = 1 + (γ − 1)2/4γ and κ = 2πβ−10 is the surface gravity of the acoustic black hole
and by variable substitution t = λx
2
4π(r−r˜h)β0 , we have
I(x, ǫ) =
√
α2
α1
∫ ∞
δ
[
β0x
4
√
λ
(4π)2
t−3/2 +
r˜hβ
2
0x
2
4π
√
λ
t−1/2
]
e−tdt (44)
=
√
α2
α1
[
β0x
4
√
λ
(4π)2
Γ
(
− 1
2
, δ
)
+
r˜hβ
2
0x
2
4π
√
λ
Γ
(1
2
, δ
)]
, (45)
where δ = λx
2
4πβ0ǫ
and Γ(z) =
∫∞
δ t
z−1etdt is the incomplete Gamma function.
The constant ǫ is the analogue of the invariant distance between brick wall rǫ and horizon rh given by ǫ ∼√
β0(rǫ − rh) [7, 57]. In the present study ǫ can be obtained by the smallest length given by generalized uncertainty
principle [31]
∆X∆P =
1
2
e(λ(∆P )
2+〈P 〉)2 , (46)
and the least uncertainty of location
√
eλ/2 can be determinate. Now, if we consider it as a least length of pure space
line element, we have √
eλ
2
=
∫ r˜h+ǫ
r˜h
√
grrdr ≈
∫ r˜h+ǫ
r˜h
dr√
2κ(r − r˜h)
=
√
2ǫ
κ
. (47)
Thus, from (47), we have δ = x
2
2π2e and we obtain the entropy
S =
1
2β20
√
α2
α1
∫ ∞
0
dx
4 sinh2(x/2)
[
β0x
4
√
λ
(4π)2
Γ
(
− 1
2
, δ
)
+
r˜hβ
2
0x
2
4π
√
λ
Γ
(1
2
, δ
)]
. (48)
Now just rescaling x→ 2x, we have δ = 2x2π2e such that
S =
√
α2
α1
[
4
√
λ
(4π)2β0
δ1 +
r˜h
4π
√
λ
δ2
]
, (49)
being
δ1 =
∫ ∞
0
x4
sinh2(x)
Γ
(
− 1
2
, δ
)
dx, δ2 =
∫ ∞
0
x2
sinh2(x)
Γ
(1
2
, δ
)
dx. (50)
Finally, assuming that
√
λ = δ22π2 (in units of Planck length) and since δ2 = 2.017 we have obtained λ = 0.0145 for
the GUP parameter. This is in fairly good agreement with the lower bound obtained in four dimensions λ & 0.0187
found in [85] — see also [86]. Thus, for entropy we find
S =
1
4
√
γα2
α1
(2πrh) +
√
α2
α1
δ1δ2
8π4
T˜h, (51)
where 2πrh is the horizon area of the acoustic black hole. One should mention that this choice aims to keep the
coefficient 1/4 of area in Bekenstein-Hawking entropy analogue and also to put some bound on the parameter λ. On
the other hand, even though we leave the parameter λ free, the formula (49) reproduces the acoustic black hole entropy
in terms of the event horizon area up to correcting terms. Furthermore, as we have anticipated in the introduction,
7the pre-factor 1/4 is not necessarily obtained in the statistical description of the Bekenstein-Hawking entropy as an
entanglement entropy — see further discussions on this issue in Ref. [57].
The second term is a correction term to the area entropy and is proportional to the radiation temperature,
T˜h =
[
γ +
γ(γ − 1)2
4
]−1/2
Th =
(
1− np0
2ρ0
+ · · ·
)
Th, (52)
of the acoustic black hole. For np0ρ0 ≪ 1 the entropy becomes
S =
1
4
(
1 +
np0
2ρ0
+ · · ·
)
(2πrh) +
(
1− np0
2ρ0
+ · · ·
)
δ1δ2
8π4
Th. (53)
Now, for the case B 6= 0 and near the horizon we approach f2
[
f2 − B2r2
(
γ − β231+β4/r2
)]2
≈ [2κ(r − r˜h)]3, so we have
formally the same equation for the entropy
S =
1
4
√
γα2
α1
(2πrh) +
√
α2
α1
δ1δ2
8π4
T˜h, (54)
with the modified constant α1 given in terms of the parameter B
α1 =
√
1 +
(γ − 1)2
4
(
1 +
γB2
r2h
)
, (55)
so that for np0ρ0 ≪ 1 we obtain
S =
1
4
(
1 +
np0
2ρ0
− (np0)
2
16ρ20
)
(2πrh)− π
2B2
16
(np0)
2
ρ20
Th +
(
1− np0
2ρ0
+
5
16
(np0)
2
ρ20
)
δ1δ2
8π4
Th
− 3B
2δ1δ2
32π2
(np0)
2
ρ20
T 3h + · · · . (56)
Note that for the first term we have obtained corrections to the area of the horizon of the acoustic black hole in
neo-Newtonian theory. The following terms are dependent on the radiation temperature of the acoustic black hole.
Namely, the second term is a correction term that arises from the contribution due to the presence of pressure and
parameter B associated with the rotation of the acoustic black hole. The third term is a correction term that depends
on the pressure and thermal radiation. The fourth term is a correction to the entropy that depends on the rotation
parameter and pressure. In addition these last terms are due to the GUP since they depend on the parameters
δ1, δ2. Moreover, the calculation of entropy for this method does not generate logarithmic corrections due to the
GUP (corrections of these types in 2+1 dimensions for BTZ black holes have been well addressed in Ref. [84] and in
Ref. [23] the application of the GUP to a specific planar black hole solution revealed logarithm corrections).
In a closely related study we could also identify the Aharonov-Bohm phase shift depending on the pressure is
analogous to a magnetic flux [72]. A related reasoning has been considered in graphene physics [87].
IV. CONCLUSIONS
In summary, in the present study we calculate the entropy of an acoustic black hole in the context of neo-Newtonian
hydrodynamics. Applying quantum statistical method we obtain corrections to the entropy due to the GUP. The use
of the GUP in the equation of state density allows us to compute the partition function without the requirement of
a cut-off and the divergences that arise when we apply the brick-wall method are eliminated. In our results we found
that the leading term in Eq. (56) is proportional to horizon area of the acoustic black hole and terms of corrections
are proportional to Th and T
3
h . Similar results were found in acoustic black holes in 2+1 dimensions [32, 33] and BTZ
black holes in [25]. The computation of corrected entropy with this GUP for Schwarzschild black hole in 3+1 was first
computed in [31]. In addition, we have obtained a new term correction that is proportional to T 3h that arises due to
the presence of pressure and B parameter associated with the rotation of the acoustic black hole. Since the pressure
is generally a parameter that can be easily adjustable and it can play the role of an external field, the neo-Newtonian
theory might provide an interesting way to test analog effects, possibly in some variants of the recent experiment
developed in Ref.[73].
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